THE KUHN-TUCKER CONDITIONS AS A
CHARACTERIZATION OF AN OPTIMAL SOLUTION

Kyung-seop Shim*

1. Introduction [I. Kuhn - Tucker Conditions

II. Preliminaries

[. Introduction

Convex sets and convex functions have many special and important properties and these
properties can be utilized in establishing suitable optimality conditions for nonlinear programming
problems.

The purpose of this is to obtain the Kuhn-Tucker conditions under suitable convexity
assumptions. This paper is divided into three sections. Section II includes basic concepts and
properties which will pave the way for the development of our arguments. And we will prove the
Fritz John condition in section II, which is important to derive our main theorems. In section III,
we will derive the main theorems. And, to illustrate how to apply our main theorems, we will give
an example.

The terminologies and notations are standard and they are taken from [Bazara and Shetty, 1979].

Throughout this paper, the n-dimensional Euclidean pace is denoted by E,
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All vectors are column vectors unless explicityly stated otherwise. Row vectors are the transpose
of column vectors : for example, ! denotes the row vector ( X1, Xgy v, xn)

The norm of a vector

X1 k%)

X9 X2
x = T|ois (a4 ad4 -+ 42) V2 and is denoted ||y || and if x =

x x

then we also use the notation x > ( to mean that x, > o for all ;=12 .- ». For SeE,.

the closure of § and the interior of § are denoted by cl § and int g, respectively.

II. Preliminaries

In this section, we introduce some basic definitions and well-known results on convex sets and
convex functions, which will be used in this paper. In some cases, we will omit proofs for the

briefness, but we will indicate references where the propositions can be founded.

Proposition 1 : Let be a nonempty closed convex set g, and y ¢ S. Then there exists a
nonzero vector » and a scalar o such that p%>a and p'y <a for each

x € S.

Proposition 2 : Let § be a nonempty convex set in £, and let y = 3S. where 5 is the
boundary of §. Then there exists a nonzero vector , such that

p(x— x)<(0 foreach y € ¢/ S .

Proposition 3 : Let g, and S, be nonempty convex sets in g, and suppose S, N S, is

empty. Then there exists a nonzero vector » in g, such that

inf{p'x:x €S} sup{p'x:x €85y}
Proposition 1, 2 and 3 are proved in [Bazaraa and Shetty, 1979]
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Proposition 4 : (Gordan's Theorem) : Let A be an ,;x, matrix. Then exactly one of the
following systems has a solution. That is, if System 1 has a solution, then
System 2 has no solution and if System 1 has no solution, then System 2 has
a solution.
System 1. Ax<( for some x e E,
System 2. A’p=( and p>( for some nonzero pefk,.
Proof : Assume that System 1 has a solution . Then, since A%<0, »>0 and »=( we have
2'A%<0. Thatis x'A < (. But A < by assumption. Hence »'A 3 = ( This is
a contradiction.
Conversely, assume that System 1 has no solution. Consider the following two sets :
S\={z:2=Ax,x= E,)
Sy={z:2<0}
Note that s, and S, are nonempty convex sets such that §,NS,= @ . By Proposition
3, there exists a nonzero vector , such that
pAx > p'z
for each ye g, and ze S,

Since each component of z could be made arbitrarily large negative number, it follows that
»>0. By letting z = (., we must have »'A%>( for each xe E, By choosing x = — A, it
follows that — || A%]||?>( and thus A’ = (. Hence System 2 has a solution.

Definition 1 :Let S be a nonempty set in g, and let f: S—fg, Then f is said to be
differentiable at xe S if there exist a vector Af(x) called the gradient
vector, and a function s : S— g, such that
)= F(x) + 8F(x) (x— ) + llx— xll a (x 1 x— x)
for each xe s where lima(x :x—x) = 0

XX

If 7 is differentiable at , then there could only be one gradient vector, and this vector is
given by
_ - - - t
Af(x) = (M@ﬁﬂﬂ M)

ox;  0xy > 0x,
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where @gfl is the partial derivative of 7 with respect to 4, at x for ; = 1,2, - - -, n
Definition 2 : Let S be a nonempty set in £, and let :S— E,. Then f is said to be twice

differentiable at ye S if there exist a vector Af(x) and an nXn symmetric

matrix H(x). call the Hessian matrix, and a function 4: g, — E, such that
F(x)=f(x)+Df(x) (x— x) + % (x— x)'+ Hx)(x—x) + llx— xl*a (x, x— x)

for each xe S where lima(x (x—x) = 0

The entry in row ; and column ; of the Hessian matrix z7(y) is the second partial derivative

Y —
ié%(cll, to the main theorem.

Definition 3 : Let s be a nonempty convex set in g, and f:S—E,

(1) The function f is said to be quasiconvex at xe S if AAx + (1 —M)x < max{f(x), £(x)}
for each Ae((,1) and each xe § and the function  is said to be quasiconvex over g if
Ay + (1 = Nay)< max{f(x,), f(x,)} for each Ae(0,1) and for each x, and y,e S

(2) The function £ is said to be pseuoconvex at ye S if Af(x)/(x—x) >0 for xe S implies
that f#(x)>f(x) and, the function over s is said to be pseudoconvex over s if

Af(x)(x—x) =0 for each  and y,e s implies that f(x,)> f(x,)

Proposition 5 :Iet s is be a nonempty open convex set in g, and let £ :S5— g, be
differentiable on s. If 7 is a convex function over S, then f is a
pseuoconvex function over S.
Proof : Let f(x,)< f(x,) By differentiability of s at x,, for each Ae(0,1) we have
A+ (1=Mxy} = F(x) = M F(x) (e —x1) + My —x T a (x5 M (v — 1))
where g (x;;M(xy—x;))—0 @ A—(. By convexity of s, we have
f{)\xz + (1_)\)951} < )\f(ﬁﬁ) + (I_A)f(xl) < f(x1)
Hence the above equation implies that
)\’Af(xl)t(XZ_xl) + )\‘llxz_xl ” a(xl ;)\(Xg_.xl)) <0

Dividing by A and letting A —( we god Af(x;) (x,— x;) < 0
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Proposition 6 : Let s be a nonempty open convex set in g, and let f:S—E, be a
pseudoconvex function over S. Then § is quasiconvex function over S.

Proof : Let f(x,) < f(x,) and suppose that f(x,)> f(x,) for some x, = Ax,+(1—N)x,.

A>0. Then  f(x,) < f(x;). By pseudoconvexity of f, (x,—x3)'Af(x5)<0 and hence

(29— x1) DA x5)<0-

Therefore, there exists a convex combination x, of x, and x, such that (x,—x)AAx,)<0

and  f(x,)< f(x;). It follows that f(x,)< f(x,).- By pseudoconvexity of y, we have
(x,—x) DA x,)<0. That is, (x,— x,)DAx,)>0. This is a contradiction.

Remark : The converse of Proposition 6 is not always true. Let f#(x) = —x?, (<x<1. Then 7

is a quasiconvex function. Take x,=( and xz:%- Then Af(x,)(xy—x,) = 0 but

f(x,)=f(x,). Thus 7 is not a pseudoconvex function.

Now, we investigate the necessary optimality conditions for unconstrained problems.

Proposition 7 : Suppose that f: g, —F, is differentiable at . If there is a vector g such
that Af(x)d< 0. then there exists &y( such that f(x+\g) ¢ f(x) for each
Ae(0,6)
Poof : By differentiability of £ at » we must have
Fx+Nd) = f(x) +Mf(0)'d+Mdllalx; )
where 4(x; Md) > 0 aS A — (

Rearranging the terms and dividing by A we get

FaAND = FH(2) _ gy -
A = 0(D'd+ |1 dll a(x; )

Since Af(x)'d < 0 and 4(x;Ad) — 0 as A — (), there exists a & » (¢ such that

AF(x)'d+ 1 dlla(x; Ad)<o for all Ae(p, §)

Corollary 1 : Suppose that f: g, —f, is differentiable at . If there is a vector 4 such that
Af(x)'d> 0, there exists §»0 such that f(x+Ag) > f(x) for each re(p,6)

Corollary 2 : Suppose that 7 : g, —E, is differentiable at . If X is a local minimum, then
Af(x) =0-

Proof : Suppose that Af(x)=(0 and let 4= —Af(x) then Af(x)'d = || AF(x)"]1%€0-
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By Proposition 7, there is a &y such that f(x+\d) < f(x) for Ae(0,6). This is a

contradiction to the assumption that , is a local minimum. Hence Af(y) =0

Remark : The above condition uses the gradient vector whose components are the first partial of

7. Hence it is a called a first-order necessary condition.

Proposition 8 : Suppose that f: g, —E, is differentiable at . If x is a local minimum, then

Af(x) =0 and F(yx) is positive semidefinite.

Proof : Consider an arbitrary direction d. Form differentiability of 7 at » we have equation (1).

(1)

FCrAd) = F(x) + M) d + 5 Nd H®d+ M| dI a (x5 M)

where 4(x; Ad) — 0 aS A—(. Since x is a local minimum, from Corollary 2, we have

Af(x) =0
Rearranging the terms in equation (1) and dividing by A2 we get
AlatNd) = f(2) _ —~ ~

) — LN HD+ 11 d )P a e M)

Since x is a local minimum, f(x+Ag) > f(x) for sufficiently small A. From equation (2),
is thus clear that %)\dey(})dJr lldl2a(x; A@) > ( for sufficiently small A. By taking the
limit as A — ., it follows that Z'H(x)d > 0

Hence f(x) is positive semidefinite.

Now we give a sufficient optimality condition for unconstrained problems.

Proposition 9 : Let f: g,—E, be pseudoconvexity at .

If Af(x)=0. then x is a grobal minimum.

Proof : Since Af(x) = 0., we have Af(x)'(x— x) =0 for each x e E,. By pseudoconvexity of

f at x, it then follows that f(x) < A(x) for each x e E,.
We develop a necessary optimality condition for the problem to minimize £( ) subject to

g(x)<0 and xe S where g : E >E,

Definition 4 : Let s be a nonempty set in £, and let x = S. The cone of feasible direction

of § at , denote by p, is given by
D=[d; d+0 and x + Age S for all A< (0, &) for some &y (]
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Proposition 10 : Consider the problem to minimize f(y) subject to x < S where f: E ~E,
and S is a nonempty set in g, . Suppose that s is differentiable at a point
xeS. If x is a local optimal solution, then F,N\ D=¢ where
Fy=[d;Af(x)'d< 0] and p is the cone of feasible direction of § at

Proof : Suppose that there exist a vector ¢ e F,N\ D

By Propositon 7, there exists a &, » ( such that f(x+Aa@) ¢ f(x) for each re(0,6,).
Futhermore, by Definition 4, there exists a &, » ( such that x+ Ade S for each
A e (0, 8,). This is a contradiction to the face that , is a local optimal solution.

In proposition 10, p is not necessarily defined in terms of the gradients of the functions
involved. So, we define an open cone ¢, defined in terms of the gradients of the

binding constraints at , such that Gy<D-

Proposition 11 :Let g: g, —E, for ;=1,2, - - -, m and y bea feasible point, and let
I=[i; g;(x) = 0]. furthermore, suppose that s and g, for ;e are
differentiable at x and g, for ; & 7 are continuous at .
If x is a local optimal solution, then FyN Gy=0, where
Fy=[d; M(x)'d<0] and Gy=[d; Ag(x)'d< 0] for each j e I.
Proof : By Propositon 10, we have only to show that, G,cp where p is the cone of feasible
direction of the feasible region at .
Let ¢ e G, Since xe x and X is open, there exists a §,>0 such that
B) x+Ade x for re(0,5))
Also, since gl.(}) <0 and g, is continuous at x for ;e I there exists a 8,50
such that
(4 g(x+ 1) <0 for re(0,6,) and for ;e [ Since Ag(x)'@< o for each ;e
and by ropositon 7, there exists a §,»( such that
(5) g(x+Ad) <0 for re(0,6,) and for je 7
By equations (3), (4) and (5), the points of the form » + Ag are feasible to the
problem p for each Ae((,5,) where &= min[8; 8,, 6,]
Thus 4  D.
By using the result of Proposition 11, We derive Fritz John condition.
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Proposition 12 : (Fritz John condition) : Let X be a nonempty open set in g, and
fE~E ad g:E>E for ;=12 - m
Consider the Problem ; to minimize f(x) subject to x e X and
gix)<0 for ;j=1,2,- - . m Let x be a feasible solution, and let
I={i : g(x) =0}
Furthermore, suppose that s and g, for ;< j are differentiable at x and
that g, for ;e are continuous at x. If x locally solves Problem p. then

there exists scalars 4, and 4, for ;e 7 such that

Af<;6) + ZZE‘.qu-Ag,-(;) =0

uy, u; =0, for je 1 and (uy u)=+(0, 0)

where 4, is the vector whose components are o, for ;< 7

Furthermore, if g, for ;e j are differentiable at x, the Fritz John

conditions can be written in the following equivalent form :

() + B udei(0)=0

ug{x)=0s wuy, u; =0 for i=1,2,- -« m

(uo, u)+(0,0)

where 4 is he vector whose components are o, for ;=1,2, - - - m

Proof : Since  locally solves Problem p, by Proposition 11, there is no vector d such that

A f(}) ‘d< () and A g(}) td< () for each ;= let A be the matrix whose rows are
Af(x)" and Ag(x)! for ;= The optimality condition of Proposition 11 is then

equivalent to the statement that the system A‘y< ( has no solution.

Hence by Proposition 4, there exists s nonzero vector p>() such that A’ = (. Denoting the
components of p by 4, and 4, for ;e [ the first part of the result follows.
The second part of the result is proved by letting ,,=( for ;e s
Remark: : In the Fritz John conditions, the scalars ,, and 4, for ;=12 . . . » are called
Lagrangian multupliers.
The condition uigz.(}) =0 for ;=1,2,- .-, ,m is called the complementary slackness

condition.
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[I. Kuhn - Tucker Conditions

With a mild additional assumption Fritz John condition reduces to Kuhn - Tucker optimality

condition

Theorem 1 (Kuhn - Tucker Necessary Conditions) : Let X be a nonempty open set in E, and let
f:E—~E, andg: g —E, for ;=12 . .. ;. Consider the Problem , to minimize f(x)
subject to xex and g,<(o for ;=1,2 - .. m Let » be a feasible solution, and let
I={i : gi(}) =0}, Suppose that 7 and g, for ;e s are differentiable at x and g for jer
are continuous at .

Futhermore, suppose that gl.(}) for ;< J are linearly independent. If  locally solves problem
p. then Af(x) + ZZEIMZ.Agl.(;)zo.

where 4,>( for je7

In addition to the above assumptions, g, for ;e s is also differntiable at x. then the Kuhn -

Tucker conditions could be written in the following equivalent form :
M)+ Budg(n) = 0
where 4,g,(x)=0 for ;=1,2, - - - mand for 4,>0 for ;=1,2, - - -, m
Proof : By Fritz John condition, there exist scalar 4, and u,; for ;e 1, not all equal to zero,
such that
uAF(x) + ;Iluiﬂgz»(;) =0

where 4. %<0 for ;< . Suppose that ;= (. Then 4 Ag,(x)=0 where 7,>(
=4

for ;e 1 are linearly independent. By letting 4,= i the first part of the theorem is
U

proved.
The second part of the theorem is proved by letting 4, =0 for ;e 7. Under some convex
conditions, Kuhn-tucker conditions are also sufficient for optimality. This is shown below.
Theorem 2 (Kuhn-Tucker Sufficient Condition) : Let x be a nonempty open set in E,.

fE—~E, and g:E —E for ;=12 ... m. Consider the Problem » to minimize f(x)
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subject to xex and g,<( for ;=1,2, - - - m Let x be a feasible solution and let
I={i: gi(x) = 0}- Suppose that s is pseudoconvex at  and that g; Is quasiconvex and

differentiable at y for each ;< 7. Futhermore, suppose that there exist nonnegative scalars u, for
ie I such that Af(x)+ lzz:lul.Agl.(}) =0. Then 4 is a global optimal solution to Problem p.
Proof : Let x be a feasible solution to Problem p. Then, for each ;e 7. g,(x) < g,(x). Since
g;(x)<0 and g,(x) = 0. By quasiconvexity of g, we have

glx+Mx—2)=g,0x+(1—M)x)<max{g,(x), g,(x))
=g(x) forall re(o, 1)
This implies that g, does not increase by moving from , along the direction x— x. By

Corollary 1, we must have Ag,(x)'(x— x)<(. Multiplying by ,, and summing over 7, we get
(X u: bgi(0)") (x— 0=<0

But since Af(x)+ Slu; Ag,(x)=0. it follows that Af(x)(x—x)=0. Then, by psedudo-
=]

convexity of £ at x, we must have £(x)>f(x).
Now we show an example.

Consider the following problem :
Minimize (Xl—%)2+(x2—2)2
Subject to x,— x2>()
x1+ x9<6
x120 . .XZ2O
The above statements are equivalent to the next statements :
Minimize f(z) = (X, = )? + (x,— 2)?
Subject to g, (x) = x,— x2<0

&(0)=x+x,—6<0
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The feasible region is sketched in figure

Cx,A

We can show that Kuhn-Tucker optimality conditions are true at the point = (%,%)f .

Let 1={i : g;(x)=0}=(1}
Note that ¢ and g, for ; = 1,2, 3, 4 are differentiable at » Clearly, vg,(x) for jeg is

linearly independent. Note that v f(})f:(féi,%)f and  vg (x)'=(3,—1). Hence

v (%) +% vg (x)=0. Thus 4 = % =0, wuy=0 and 4, = satisfy the Kuhn-Tucker

condition.
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